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Motivation

* Proliferation of non-standard arithmetic
* Threshold test on single error ineffective
e Need more robust alternatives



Threshold Test/Single Error — An Example

def sgl_simd_sum(x_data, simd_len):
L = len(x_data); s = 0.0; ind = 0;

n_outer = L // simd_len
for _ in range(n_outer):
tmp = 0.0
for _ in range(simd_len) :
tmp = tmp + x_datal[ind]
ind += 1
s = s + tmp

return s
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Threshold Test/Single Error — An Example

def sgl_simd_sum(x_data, simd_len):

Expect kernel is simd_len == L = len(x_data); s = 0.0; ind = 0;
Generate L = 64 random inputs n_outer = L // simd_len
for _ in range(n_outer):
compute error E (vs. double) tmp = 0.0
EbQQeCt‘13’<< 18¢ for _ in range (simd_len) :
tmp = tmp + x_datal[ind]
ind += 1

S = s + tmp
return s
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Expect kernel is simd_len ==
Generate L = 64 random inputs

compute error F (vs. double)
Expect |F| < 18¢

Fails because F/ = —18.7¢
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until
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Threshold Test/Single Error — An Example

Expect kernel is simd_len ==
Generate L = 64 random inputs

compute error F (vs. double)
Expect |E| < 18¢

Fails because £ = —18.7¢
Change theshold to 19¢
ALL IS WELL

until

histogram of 10° error (units €) simd 1
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Proposition

* Use statistics instead of a single error to judge numerics
* Belief: computational errors has specific distributions, and
e Statistics such as variance has a narrow spread
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Validation

1. Use specific input distributions
2. Model distribution of computational errors

3. Match sampled variance to theoretical values for several
computational kernels
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Validation

1. Use specific input distributions
2. Model distribution of computational errors

3. Match sampled variance to theoretical values for several
computational kernels
1. SIMD summation here
2. Inner products
3. Matrix multiplication
4. Hybrid fixed-float summation here

see paper
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Take x € R, x ~ N (0,0°). Define R, := fl(z) — x.
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Take x € R, x ~ N (0,0°). Define R, := fl(z) — x.
If |z| € I, = [2%,2%1), then R, ~ 2°U[-%, £], € = ulp(1).

Probability density function and histogram of
Ry, v ~N(0,1), e =223
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Validation Model Basic Rounding

Take x € R, x ~ N (0,0°). Define R, := fl(z) — x.

If |z| € I, = [2%,2%1), then R, ~ 2°U[-%, £], € = ulp(1).

Thus E(RZ) = 5 > 2% pi(0) = S F(0) = S0 Fy(o)
(easy to see Fy(20) = Fy(o)

Similary E(R2) = g—é S 2% pu(0) = & G(o) = %04G0(O’)
(easy to see Gy(20) = Gy(0))



Validation Model Basic Rounding

Take x € R, x ~ N (0,0°). Define R, := fl(z) — x.

E(R2) = 5 3. 2%p(0) = SF(0) = 50%Fo(0),  Fo(20) = Fy(o)

64 4

E(RE) = & X 2%pi(0) = 5C(0) = 50°Go(0).  Go(20) = Go(0)



Validation Model Basic Rounding

Take x € R, x ~ N (0,0°). Define R, := fl(z) — x.

E(R2) = S02Fy(0)  E(RL) = 0*Go(0)
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Validation Model Addition

r~ N(0,07) ,y~ N(0,07) . o°=o02+0;,
Se =[x +y)—(z+y)

_ € k
B(S2 |z] € I) = 52°



Validation Model Addition

z o~ FUN©,02) )y~ fILN(0,02)) . 0% =02 + o2,

So = fllx+y)— (v +y)

_ € k
E(S2. ||| € Iy) = 52°



Validation Model Addition

z~ fI(N(0,03) ),y ~ fU(N(0,09) ). o®=03+0

2 _ 272
"t r=0y/0,.

So v = fllx+y) — (z+y)

E(S% Azl e Iy) = %22k (> oy P((z/y) € £1y)) x/y is a Cauchy distribution,
only dependent on r, not o



Validation Model Addition

o~ fUN(0,02)),y~ flUN(0,07)). o°>=o02+0; r=oz/0.
= fllx+y) — (v +y)

E(Sz ,|lx| € I) = €92k (S ay oP((z/y) € £1y)) x/y is a Cauchy distribution,
- | only dependent on r, not o

E(S2,) = S0%Fy(0)p(r) E(St,) = &50Go(a)y(r)



Validation

v~ JIN(0,02)) y~ fILN(0,62)) . o2

Model Addition

So = fllz+y)— (x+y)

_ 2 2 — 2 2
=0y, + 0. r=0y/0,.

2

E(82,) = S0?Fy(0)d(r) E(SE,) = 550" Go(o)(r)

12

F(o)/o” G(o)/o* ¢(r) P (r)
co | 0.54279  1.03445 | 1.00684 0.99967 Fy(o),Go(o) are of the form
ci| 0.01827 -0.16159 | 0.88421 1.94703 224_0(3(0'—-1)j,1 <o <2
c2 | -0.13577 -0.85648 | —-1.91853 -2.43573 J=
s 0.16304 4.03253 | -1.93557 5.04192
C4 0.10800 -2.64662 | -0.72735 -16.59014
cs | —0.26253 -7.00256 0.00000 9. 95313 ¢WT)J¢(T)fﬂf30fthefbfnl
Ce 0.10911 13.25400 0.00000 -24.83812 Eid_ocarjaflférfé 1.
Cr 0.00000 -8.72614 0.00000 9.10214 J=
cs 0.00000 2.10696 0.00000 ~0.84897




Validation Model SIMD Sum

z; ~ fl(N(0,1)), simd len=/¢, m = L// def sgl_simd_sum(x_data, simd_len) :
L = len(x_data); s = 0.0; ind = 0;
n_outer = L // simd_len
for _ in range (n_outer) :
tmp = 0.0
for _ in range(simd_1len) :
tmp = tmp + x_data[ind]
ind += 1
s = s + tmp

return s
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Validation Model SIMD Sum

z; ~ fl(N(0,1)), simd len=/¢, m = L// def sgl_simd_sum(x_data, simd_len) :
L = len(x_data); s = 0.0; ind = 0O;
n_outer = L // simd_len

return s




Validation Model SIMD Sum

z; ~ fI(N(0,1)), simd-len =¥, m = L/ def sgl_simd_sum(x_data, simd_len) :
L = len(x_data); s = 0.0; ind = 0O;

o . o . n_outer = L // simd_len
Inner-loop error S,, ., 0; =1+, r; =1/i for  in range (o outer) :
1=1,2,...,0—1, m sets tmp = 0.0
for _ in range(simd_1len) :
- . tmp = tmp + x_data[ind]
Outer-loop error Sy, ., 05 = /(1 + i), r; = 1/i ind += 1
. s = s + tmp

Total error SIMD — ¢ sum: Ay
A(B) =TI +T2+ -+ TL-1
7i, T; independent and F(7;) =0

2

B(AY) = & (m Sz FWTF06(1/i) + 15 FVT+1)6(1/i)



Validation Model SIMD Sum N — 108

summation

Histogram of Ay ; /€, summation with SIMD addition. € = 2723 experiments

SIMD £ =1 SIMD € =2 SIMD £ =4

L]

100 -50 0 50 100 -50 -25 0 % S0 -40 -20 O 20 40

Variance: 96.1¢? (theory 96.7¢?) Variance: 55.1¢? (theory 53.4¢2) Variance: 34.9¢? (theory 34.0¢?)
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summation

Histogram of Ay ; /€, summation with SIMD addition. € = 2723 experiments

SIMD £ =1 SIMD € =2 SIMD £ =4

L

L

100 -50 0 50 100 -50 -25 0 % S0 -40 -20 O 0 40

Variance: (06.1¢2 (theory 96752) Variance: 55.1¢? (theory 53.4¢?) Variance: 34.9¢? (theory 34.0¢?)

\ /

is the difference
reasonable?



Validation Model SIMD Sum N — 108

summation

Histogram of Ay ;/€, summation with SIMD addition. € = 2-% experiments

SIMD £ =1 SIMD £ = 2 SIMD £ =4

L

100 -50 0 50 100 -50 -25 0 % S0 -40 -20 O 0 40

Variance: (96.1€® (theory 96.7¢2)  Variance: 55.1¢* (theory 53.4¢?) ‘ariance: 34.9¢? (theory 34.0¢?)

One sample of Z =S Alp.i/N
Ap=m1+m+ - +7L1



Validation Model SIMD Sum N — 104

summation

Histogram of Ay /€, summation with SIMD addition. € = 2723 experiments

SIMD £ =1 SIMD € = 2 SIMD £ =4

L

L

100 -50 0 50 100 -50 -25 0 % S0 -40 -20 O 20 40

Variance: (96.1¢® (theory 96.7¢2) Variance: 55.1¢? (theory 53.4¢%) Variance: 34.9¢? (theory 34.0¢?)

One sample of Z = qu,\; A%E)’i/N ~ Var(A ) + J%N(Oa 1) o’ = Var(A%E))
Apy=T1+T2+ - +Tp_1



Validation Model SIMD Sum N — 104

summation

Histogram of Ay ;/€, summation with SIMD addition. € = 272 experiments

SIMD £ =1 SIMD £ = 2 SIMD £ =4

100 -50 0 50 100 -50 -25 O 25 50 -40 -20 O 20 40

Variance: (96.1€¢% (theory 96.7¢2) Variance: 55.1¢? (theory 53.4¢%) Variance: 34.9¢? (theory 34.0¢2)

One sample of Z = qu,\; A%e),i/N ~ Var(A ) + JLNN'(O, 1) o’ = Var(A%g))

Apy=T1+T2+ - +Tp_1

Var(A2,) = B(AY) — B2(A%,) = Y, ((E(r)) — B*(r3)) + 105, ; B(r?) E(7?)



Validation Model SIMD Sum

Histogram of Ay ;/€, summation with SIMD addition. € = 2-%

SIMD £ =1 SIMD £ = 2 SIMD £ =4

L

100 -50 0 50 100 -50 -25 0 % S0 -40 -20 O 0 40

Variance: 96.1¢2 (theory 96.7¢2)  Variance: 55.1¢* (theory 53.4¢%) ‘ariance: 34.9¢2 (theory 34.0€2)
standard deviation: 2.2¢2 standard deviation 1.2¢2 standard deviation 0.8¢°

One sample of Z =S Alp.i/N ~ Var(A)) + Z=N(0,1) 02 = Var(A7,)
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Validation Model Fixed-Float Addition

e Matrix multiplication is a common target for acceleration

e Summation is often a critical path if pairwise rounding is needed
e Hybrid fixed-float summation is an obvious alternative

e A hypothetical FP32 architecture:

— For ¢ input fp numbers, align with the largest exponent
— Smaller exponent values are right shifted
— Bits beyond 23 + d fractional values are rounded off

— Sum the rounded values exactly; then round to FP32



Validation Model Fixed-Float Addition

23
€A < >
+1 XX ...... X X X X

+1 x ...... X X X XXX
+1 x X ...... X X X X



Validation Model Fixed-Float Addition

23 d rounded
CA < > «—> off
+1 XX ...... X X X X

+1 x ...... X X XX XX
+1 XX ...... X X X X




Validation Model Fixed-Float Addition

23 d rounded
€S CA < > <> off
+1 XX ...... X X X X
+1 x ...... X X XX XX
+1 XX ...... X X X X




Validation Model Fixed-Float Addition

23 d rounded
€S CA < > «—> off
+1 XX ...... X X X X
+1 x ...... X X X XXX
+1 x X ...... X X X X
® o o
¢ addends ® 0 ©°
® o o
® O ©
+1 X x ..... X X X X X
1 X X X X ittt e e e X

4 265 1e¢x X ...... X X X X



Validation Model Fixed-Float Addition

A 4 denotes alignment error of one summand

v; 1s variance of rounding j bits
(v1 = 1/8, v = 3/32, etc, — 1/12)

E(AZ% | alignment expo e,, round j bits)

_ 2—2(23—|—d) 92eq

rounded
es eq 23 d off
+1 xx ...... X X X X
+1x ...... X XXX XX
+1 xx ...... X X X X
e 0o 0
¢ addends o o @
o 0o 0
e o 0
+1 xx ..... X X X X X
1 X X X X ettt X
final rounding to IEEE single precision
+ 25 1eX X ...... X X X X Alignment
COHVerSiOIl EITOI'

Error



Validation Model Fixed-Float Addition

ded
. es  ex 23 d E?FH e
A 4 denotes alignment error of one summand +1 XK cvn... X X X X
. . ) . +1x ...... X X X X X X
v; 1s variance of rounding j bits 1 X% .n.... X X X x
(v1 = 1/8, va = 3/32, etc, — 1/12) e
oo o
N oo o
2 1 xx ..... X XX XX
E(AA) F1 X X X X e X
- 2_2(23_|_d) Z Z 226& . (6 )v | final rounding to IEEE single precision .
— e, i>1 pj a)Vlj + 265 1egx X ...... X X X X Ahgnment
Conversion Error
Error

pj(eq) is probability that
e alignment exponent of £ — 1 values is e,
e and j bits are to be rounded oft



Validation Model Fixed-Float Addition

23 d rounded
. €s €A ff
A 4 denotes alignment error of one summand +1 XK cvn... X X X X ’
. . ) . +1x ...... X X X X X X
v; 1s variance of rounding j bits 1 X% .n.... X X X x
(v1 = 1/8, va = 3/32, etc, — 1/12) e
oo o
N oo o
2 1 xx ..... X XX XX
E(AA) F1 X X X X e X
2 (23+ d) 2 final rounding to IEEE single precision
— 99— & ) . .
— 2 Zea Zj>1 2 a’pj (ea)'Uj 4 265 1ex X ...... X X X X Ahgnment
Conversion Error

E(A%)

=BT S e (ea)u,

Error

pj(eq) is probability that
e alignment exponent of £ — 1 values is e,
e and j bits are to be rounded oft



Validation Model Fixed-Float Addition

Ac denotes conversion error of final sum

v; 1s variance of rounding j bits
(v1 = 1/8, v = 3/32, etc, — 1/12)

E(A% | alignment expo e, round j bits)
— 9—2(23+d) 92(€a+7)

Uj

23 d rounded
€S €A off
+1 xx ...... X X X X
+1x ...... X XXX XX
+1 xx ...... X X X X
oo o
¢ addend o o o
oo o
oo o
+1 xx ..... X X X X X
1 X X X X ettt X
final rounding to IEEE single precision
+ 25 1eX X ...... X X X X Alignment
COl'lVeI'SiOl’l EITOI'
Error

q;(eq) is probability that
e alignment exponent of £ — 1 values is e,
e and j bits are to be rounded oft



Validation Model Fixed-Float Addition

ded
. es  ea 2 LN
A 4 denotes alignment error of one summand +1 XK cvn... X X X X
. . ) . +1x ...... X X X X X X
v; 1s variance of rounding j bits 1 X% .n.... X X X x
(v1 = 1/8, va = 3/32, etc, — 1/12) e
oo o
N oo o
1 xx ..... X XX XX
E(A?
( C) [og, (d)]+d F1 X X XX e X
final rounding to IEEE single precision
_ 0—2(23+d 2(eq+7 .
— 9—2( ) E E 22 j)qj(ea)vj 4+ 265 1eX X ...... X X X X Alignment
€a j=1 Conversion Error

Error

4
E(Ae) [log, (d)]+d

_ o—4(234d) 4(eq+7) . .
=2 Z Z 2 gj(€a)w; q;(eq) is probability that
Ca =1 e alignment exponent of / — 1 values is e,

e and j bits are to be rounded oft



Validation Model Fixed-Float Addition

Alignment
Conversion
Fixed-Float Accumulator




Validation

e Statistics of rounding errors are reliable metrics
e The main point of the modeling here is that we do not need to do it

e Statistics collected by sampling on reference numerical kernels suffices



Applications

* Set error thresholds that are more theoretically supported
* Numerical diagnostics

* Design explorations
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